ABSTRACT. Let X be a Hausdorff compact space, E a topological vector space on which E" separates points, F X 2 E an upper semicontinuous multifunction with compact acyclic values, and g: X E a continuous function such that g(X) is convex and g-1 (y) is acyclic for each y e g(X). Then either (1) there exists an x0 E X such that gxo . Fxo or (2) there exist an (x0, z0) on the graph of F and a continuous seminorm p on E such that O < p(gzo zo) <_ p(y-zo) for all y g(X).
INTRODUCTION
One of the most interesting extensions of Ky Fan's best approxi,rnation theorems [1] was due to Prolla [2] for two functions. Subsequently, a number of its generalizations or variations followed, and some applications to coincidence theory were also given. See [3] [4] [5] [6] [7] [8] .
On the other hand, recently there have appeared some best approximation or fixed point theorems for maps whose domains and ranges have different topologies for example, see [9] [10] [11] [12] [13] [14] [15] [16] [17] .
Moreover, there have also appeared some generalizations of such results for two maps and two different space settings for example [3, 18] .
Usually, those results are obtained for single-valued maps or convex-valued upper semicontinuous multifunctions. However, more recently, the author [11, 13, 19] showed that some of such best approximation and fixed point theorems can be extended for a large "admissible" class of multifunctions.
In the present paper, we obtain best approximation and coincidence theorems for such large class Let C be a nonempty subset of a Hausdorff topological vector space E and p S(E). For each y E E, define dp(y, C) inf{p(y-x) x E C} and the set of best approximations to y E E from C by Qp(y) {x 6 C'p(y-x) dp(y, C)}. The multifunction Qp thus defined is called the metric projection onto C if Q(y) @ for each y 6 E. It is well-known that if C is compact convex, then the metric projection Q" E 2 c belongs to IK(E, C).
In (E, T), let Bd, Int, and-denote the boundary, interior, and closure, respectively, with respect to T.
The inward and outward sets of X C E at x 6 E, Ix(x) and Ox(x), are defined as follows: THEOREM 3.1. Let X be a Hausdorff compact convex space, E (E, r) a topological vector space on which E" separates points, F 6 9/:(X, (E, w)), and g C(X, (E, w)) such that g(X)
is convex. Suppose that either (I) g-' (y) is convex for y 6 g(X) and ]K(g(X),X) C (g(X),X); or (II) g-'(y) is acyclic for y 6 g(X) and V(g(X),X) C PI(g(X),X).
Then either (1) there exists an x0 6 X such that gxo Fxo; or (2) there exist an (x0, z0) 6 F and a p e S(E, w) such that gxo 6 Bd g(X) and which has a fixed point yo g(X) by Theorem 2.1. Then yo (QpF)Xo for some x0 g-'(Y0); and hence gxo Qpzo for some zo Fxo, which is equivalent to p(gxo Zo) <_ p(y-zo) for all y g(X).
This inequality holds for all y Ig(x)(gxo) by the method in [6, 7, [11] [12] [13] 19, 28, 29] . If gxo Intg(X), then Ig(x)(gxo) E. Therefore, by putting y z0 in the above inequality, we have p(gzo Zo O.
Suppose that (2) does not hold. Then for each p S(E, w), there exists an (z, z) F such that p(gx-z) -0; that is,
Considering (g(X),E) instead of (X, Y) in Lemma 2.2, put h(9, z) (-) for x e X, z E. REMARKS 3.1. 1. In Theorem 3.1, F (X, (E, w)) and g" X (E, w) can be replaced by F P/(X, (E, T)) and g" X (E, T), respectively, without affectir, g the conclusion.
2. If F' P.I:(X, (E, w)), where F' is defined by F'z 2gx Fx for z X, then the inward set in the conclusion (2) THEOREM 3.2. Let X be a Hausdorff compact convex space, E (E, T) a topological vector space on which E" separates points, F P.I:(X, (E, w)), and g C(X, (E, w)) such that g(X) is convex. Suppose that either (I) or (II) of Theorem 3.1 holds. Then there exists an x0 X such that gxo Fxo whenever one of the following conditions holds:
For each x X with gx Bd g(X), (0) for each z Fx and p S(E, w), p(gx z) > 0 implies p(gx-z) > d,(z, Ig(x)(gx)).
(i) for each z Fx, there exists a number A (real or complex, depending on whether the vector space E is real or complex) such that [A[ < 1 and Agx + (1 A)z g(x)(gx).
(ii) Fx C I,(x)(gx). (ii) If Fz C lg(x)(gx), then for each z Fz, we can choose A 0 in (i).
(iii) Since g(X) C Ig(x)(gx), we clearly have (iii) == (i).
(iv) It is well known that (iv) (iii) [37] . (v) If Fx C g(X), then for each z Fx, we can choose A 0 in (iii).
(vi) Clearly. we have (vi) == (v (1912) , Schauder (1927 Schauder ( , 1930 , Tychonoff (1935) , Kakutani (1941) , Sohnenblust and Karlin (1950) , Fan (1952 Fan ( , 1964 , Glicksberg (1952) , Granas and Liu (1986) , and many others. See [19] .
2. Knaster et al. [38] : If X C is an n-cell in E IR , g lx, and f C(C, R") satisfies f(Bd C) C C , then f has a fixed point in C.
3. Eilenberg and Montgomery [39, Theorem 6]: IfX C , E R , g x, and F V(C, R) satisfies F(Bd C) C C , then F has a fixed point in C. C((X, '), (E, w)) with fx 6 -x(X) for all x 6 X.
19. Roux and Singh [14, Theorem 6 ]: X is a weakly compact convex subset of (E, T), g lx, and F f E C((X, w), (E, r)) with fx 6 Ix(x) for all x 6 X. 20. Lin [3, Theorem 4 ]" X is a weakly compact convex subset of a locally convex Hausdorff topological vector space, (E,-) locally convex, F f 6 C(X, (E, 7)), and g 6 C(X, (E,w)) with (ii). ACKNOWLEDGEIVIENT. This paper is partially supported by Ministry of Education, 1996, Project No. BSRI-96-1413. 
